The aim of this paper is to provide a more precise description of the paradigm of corpuscular slow-roll inflation, which was previously introduced by Casadio et al. in [1] . Specifically, we start by expanding the Starobinsky theory on a curved background and then infer the number and nature of the propagating degrees of freedom, both in the true inflationary phase and in a quasi-de Sitter approximation. We correctly find that the particle spectrum contains a transverse trace-free mode and a scalar one. The scalar mode displays a tachyonic nature during the slowroll phase, due to the instability of the system, whereas it acquires the appropriate oscillatory behavior as the background approaches a critical value of the curvature. These results confirm the fact that the Einstein-Hilbert term acts as a perturbation to the quadratic one, and is responsible for driving the early universe out of the inflationary phase, thus realising the inflaton field in terms of pure (corpuscular)
Introduction
One of the most successful accomplishments of cosmology is the description of the evolution of the early Universe, from a small region of extreme heat and density all the way to large-scale structures. Unfortunately, taking this scenario at face value during its very beginning thwarts the principle of homogeneity at late times. Moreover, it would look very hard to explain why the matter density is so close to the critical value, unless one bestows a colossal amount of fine tuning upon the physics of the early Universe.
These problems are tackled down by the theory of cosmic inflation, which entails a period of exponential expansion shortly after the Big Bang. Following the original proposals of Guth [2] and Starobinsky [3] , a new paradigm emerged thanks to Linde [4] and Albrecht and Steinhardt [5] .
This new approach considers a scalar degree of freedom (the inflaton) rolling down a potential plateau, rather than a vacuum-to-vacuum transition. When the inflaton starts oscillating around the minimum, inflation stops and the radiation dominated phase begins, the whole process going under the name of reheating [6] .
The most common inflationary models are semiclassical, as they describe the dynamics of quantum mechanical degrees of freedom on classical background geometries. While this set up may seem sufficient to attempt a solution to the horizon and flatness problems, it misses the contribution of quantum gravitational effects, which may have been relevant in the time frame of the early Universe. However, one can keep this line of thought and suggest that the emergence of the classical background is just the effect of a coherent quantum state of a large number of gravitons, in affinity to the description of a laser beam in terms of a collinear bunch of photons. This point of view is forwarded by the corpuscular model of gravity [7] , according to which the strong coupling regime is achieved by the formation of extended quasi-classical objects, composed by a huge number of soft degrees of freedom. Since the gravitational interaction is purely attractive, the constituents can superimpose in the same quantum state, effectively giving rise to a self-gravitating compact object, roughly shaped as a Bose-Einstein Condensate (BEC). A vast literature [8] applies this philosophy to black holes, which are thought of as quantum systems on the verge of a phase transition. In particular, the black hole interior is understood as a state of off-shell gravitons, which are confined in an effective potential well of the size of their Compton/de Broglie wavelength λ, and whose marginal interaction is regulated by the effective coupling α eff ∼ 1/N .
A couple of interesting results come straightforward. First off, Hawking radiation is understood in terms of leakage of the condensate due to mutual scattering of soft gravitons and the famous Bekenstein-Hawking area law [9] is promptly retrieved, together with the correct logarithmic corrections [10] . In addition to that, the quantum corrections to the condensate, at the leading order, reproduce the appropriate post-Newtonian expansion of the (weak) gravitational field surrounding a static spherically symmetric source [11] , once the contribution of collapsing matter is correctly taken into account [12] .
Beside its apparent effectiveness in describing objects of stellar size, this approach provides also some interesting new insight when applied to the Universe as a whole [7, 13] . In particular, it is of paramount interest to see whether corpuscular gravity corrects experimentally relevant parameters to an appreciable extent, see e.g. [14, 15] .
It has been pointed out [1] that the self-interaction of the gravitons can embed the inflationary scenario in a corpuscular perspective, and the primordial cosmological condensate can reproduce this machinery without requiring the insertion of an exotic degree of freedom in the particle spectrum. The Starobinsky model, implemented as an f (R) theory [16, 17, 18, 19, 20] with f (R) = R + αR 2 , is employed as reference setting for the inflationary scenario. It is then argued that when R 2 dominates, the background can be approximated by an ideal de Sitter spacetime, reflecting the scale invariance of the curvature-squared term. The latter is in turn perturbed by the Einstein-Hilbert part of action, namely R, and the Universe is driven slowly out of inflation as a result.
Besides, it is also woth remarking that the cosmological condensate is an interesting tool to test a plethora of modified gravity theories, such as Modified Newtonian Dynamics (MOND) [21, 22] .
In this paper we clarify some of the statements made in past works about corpuscular inflation. First, we establish what are the degrees of freedom propagating on the approximate de Sitter background, matching known results [23, 24] . Consequently, we show that there is a tachyonic polarization in the spectrum and that our approach agrees with the theory of an eternally inflating space, as one would expect from de Sitter. Then, we show that this degree of freedom is driven out of the tachyonic phase once the Einstein-Hilbert term perturbs the action, explicitly realising what was theorised in [1] . Finally, we present some concluding remarks and possible outlook.
Starobinsky action on curved backgrounds
We consider the f (R) theory reproducing the inflationary model of Starobinsky. It is described in terms of the action
where R is the curvature scalar, M a scale mass and we follow the conventions listed in Appendix A. The variation of S with respect to g µν (A.11) gives the tensorial equations of motion (EOM for short)
which we rewrite as E µν = 0 in compact notation. The first two terms are the Einstein tensor and represent the general relativity (GR) part of the theory, whereas the others contain high order derivatives. We manipulate this tensorial equation by taking covariant divergence and trace. Thus, the contraction with ∇ µ vanishes identically, since
3) thanks to Eq. (A.5), the contracted Bianchi identities 2∇ µ R µν − ∇ ν R = 0 and the commutation
This result is reasonable because otherwise we would single out an EOM for a would-be vectorial polarization of the graviton, which is known to be non-propagating. On a curved space-time, the on-shell graviton possesses one tensorial and one scalar polarization, which are the ones we aim to specify. The trace of EOM yields
which can be used to simplify the EOM (2.2),
So far, we checked a fact well-known in literature [18] : the graviton propagates two kind of waves on a curved background. Unfortunately, only the full metric appear, and we have no insight on the behavior of the fluctuations over the background. Now, we consider the linearized theory [25] g µν =ḡ µν + ǫh µν , (2.7a)
around a fiducial and purely classical (and curved) metric,ḡ µν 1 . We expand a tensor T as
where barred terms are intended as computed overḡ µν . First, we expand the Christoffel symbols (A.1) according to (2.8) , 9) in order to get the linearization of the Ricci tensor, thanks again to the Palatini identity (A.8),
whose contraction withḡ µν gives the linearization of the curvature scalar δR
These are nothing but Eqs. (A.8) and (A.9), with the insertion of the metric variations (2.7) above.
We are going to use these tools in the next Section, where we will solve appropriate simpler versions of the EOM (2.2) on a specified backgroundḡ µν .
The most important implication for us is that the invariance of the theory under the diffeomeorphism
entails the gauge condition
on a curved background. As usual, ξ µ is just a set of four parameters and has the dimensions of a length. However, Eq. (2.13) is not the end of the story, since scalar polarizations appear in addition to the transverse trace-free and the transverse vectorial ones. We can guess their embedding by requiring symmetry in the indices and the employing of not more than two derivatives:
14)
The factor ℓ p is to have all the fields with the same dimensionality. We can use this decomposition to stick to transverse and traceless components, that is
In addition to that, if we contract h ⊥ µν with the background field equation (2.2) we obtain the useful relation
It is possible to see [26, 27] that these fields relate to the decomposition of the graviton under the rotation subgroup of the full Lorentz group. The following prescriptions are useful
Off-shell, there are five degrees of freedom coming from h µν , three from the vector and one from each of the two scalars. This matches the number of entries of a 4 × 4 symmetric matrix.
Enter the inflation: approximate de Sitter background
The most recent data on CMB [14] give an estimate on the value of the parameter α/ℓ 2 p ∼ 10 8 during inflation. Thus, in an high curvature regime, such as the one would expect for the early Universe, the R 2 term dominates in (2.1). We can start by considering an approximated background, i.e. the solution of the R 2 theory, which is naively obtained by imposing α ≫ 1. The equations of motion then read,
One can easily infer that the latter admit the de Sitter space as a solution, that expressed in static coordinates reads
where L is known as the curvature radius and dΩ 2 = dθ 2 + sin 2 θdφ 2 . Then, from Eq. (3.19) one finds thatR µν = Λḡ µν andR = 4Λ, with Λ = 3/L 2 denoting the cosmological constant. Perturbing Eq. (3.18) over the de Sitter background, we get 20) which yields
It is convenient to commute two covariant derivatives, 22) so that the field Equations become
Before inserting the projections (2.17), it is appropriate to reduce Eq. (3.23) in Laplacian form by choosing a convenient gauge fixing. This allows to compute the right number of propagating degrees of freedom. According to the analysis in Section 4.1, we choose the condition 24) which resembles the usual de Donder gauge fixing on a Minkowskian background. Moreover, we can use the latter to fix h ′ µν in (2.13) to be h ⊥ µν , which satisfies the gauge fixing condition, thanks to (2.15). Thus,
We can now insert the projections introduced in (2.17). As we anticipated, the EOM propagate a tensor and a scalar mode [28] , as the equations which do not vanish identically arē 27) which correspond to Eqs. (2.5) and (2.6), respectively. The tensor mode propagates freely and it possesses an effective mass, proportional to the inverse Hubble parameter H 2 = Λ 3 , which is due to the fact that any wavelength cannot exceed the radius of the cosmological horizon. Therefore, the energy spectrum is gapped and
Concerning the scalar field, it seems to have two kind of dispersion relations: a massless and a tachyonic one. This latter is due to the particle creation effect in a de Sitter background and is directly related to its unstable behavior. An eternal de Sitter geometry is indeed non-physical.
True inflationary phase
Approximating the inflationary metric with de Sitter gives some glances, but not the full picture. In order to get it, we have to consider the full field Equation (2.2). Anyway, since we saw that it splits in a free EOM for any of the propagating degrees of freedom, introduced in (2.17), we will consider Eqs. (2.5) and (2.6), directly. First, we consider the scalar field ϕ. The linearisation of (2.5) reads
which is, after some straightforward algebra
Recalling that ϕ enters through h µν ⊃ 1 3ḡ µν ϕ, we obtain
where we made use of the background equation 6α¯ R =R. Dividing by −6α and, once again, taking profit of the background equation we get
If we insert the mass scale M , defined in (2.1), the kinetic part of this Equation becomes
It shows that this scalar field, which has been identified with the inflaton [1] , shifts from a tachyonic behavior to an oscillatory one at the threshold "background curvature"
This feature supports the claim that the Einstein-Hilbert part of the action (2.1) behaves as a perturbation, that drives the model out of the inflationary phase, and there is no need to introduce a new particle ad hoc, nor to employ some transformation to the Einstein frame. However, we stress out that the reader should take this result with a grain of salt. Although this hint may look promising, it is not a definitive proof, since we are not considering (self-)interactions of h ⊥ µν and ϕ, which are essential in determining the slow-roll parameters out of inflation through the analysis of a suitable potential.
Gauge Fixing
Before proceeding to the transverse, trace-free degree of freedom h ⊥ µν , it is worthwile to discuss how we are going to impose the gauge fixing on the field equations and to generalise Eq. (3.24). Let us then consider the first order expansion of Eq. (2.2)
that gives unpacking δR and δΓ λ µν . It is convenient to simplify these equations, by imposing a gauge fixing. We can guess its form, by making the following requirements:
• By pure tensorial structure the only two terms we can use are the covariant gradient of a combination ofR µν h µν andRh, plus h µν∇ νR ;
• It has to reduce to Eq. (3.24) for the pure R 2 theory;
• The gauge fixing condition is imposed off-shell, hence it cannot contain physical degrees of freedom;
• It must contain the combination∇ ν R λρ h λρ + h λν∇ λR , in order to have the desired cancelation of the gradients in the field equation (4.36).
Henceforth, we get∇
The insertion h µν ⊃ 1 3ḡ µν ϕ reduces it tō
which vanishes trivially as expected. Since any gauge-fixing condition is off-shell, h ⊥ µν has not to appear inside it either. Unfortunately, it is very hard to notice this explicitly, we do not know the exact form of the background metricḡ µν nor of the polarisation tensor, but we can be confident that they are such that the relation
is in effect. As a final remark, also the de Donder gauge is promptly recovered in the case ofR = 0. To see it, one can just impose this constraint in the field equations of the background gettinḡ R µν = 0, whose linearisation is straightforward. This implies the limit
in (4.37).
Transverse traceless excitations
Of course, we also have to check the Symmetric Trace-Free Equation (2.6). Its linearisation reads
We can use Eqs. (2.10) and (2.11) to manipulate this latter field equation, to get
after some cumbersome algebra (see Appendix 4.1). We can make it more streamlined by means of the identification h µν ∼ h ⊥ µν (we saw it is the only component of the graviton that appears), the commutation (3.22) and the gauge fixing condition
which is equivalent to∇
In particular, it is very easy to see that the relation (4.43) reduces to (3.24) consistently for a de Sitter background and to de Donder gauge-fixing for linearisations over a Minkowskian metric. The result is
The trace of this field equation, together with the relation (2.16), yields
The gauge fixing condition tells that this condition also involves h ⊥ µν∇ νR = 0. In addition to that, it is convenient to use the general decomposition of the Riemann tensor (A.3) to work out
The EOM reads
As desired, this EOM reduces to¯ h ⊥ µν = 0 for a Ricci flat solution, while de Sitter background yields (3.27) exactly.
Concluding remarks and outlook
In this work we clarified some statements made in [1] , about embedding a theory of cosmological inflation in a corpuscular perspective. To this aim, we studied the linearisation of the f (R) = R + αR 2 theory and decomposed the graviton on a curved background. We checked that the theory propagates two degrees of freedom: a spin-2 helicity mode h ⊥ µν and a scalar ϕ. The latter is important because its nature signals the transition from the inflationary epoch to the reheating phase. In fact, at the beginning the background geometry is realised in terms of a de Sitter space, and ϕ propagates tachyonic modes, which entail the instability of the exponential expansion as an uncontrollable particle creation mechanism. On the other hand, ϕ switches to a normal oscillatory behavior when the background curvature hits a critical value R crit , and the huge potential energy gained during the slow-roll allows the inflaton to decay, as implied by any model of inflation. It is very interesting to note that the critical curvature R crit is related to the coupling α and it emerges as a natural implication of the theory, rather than an additional input. Furthermore, the relation with α makes it also measurable [14] , henceforth of paramount importance even on phenomenological grounds. In summary, the corpuscular model allows to recover the standard picture of Starobinsky inflation, with the difference that the inflaton is understood as a polarisation of the graviton and not a degree of freedom that needs a suitable field transformation in order to appear in the theory.
In addition to these findings, this work paves the way for a number of future developments. Firstly, the transition from an inflationary regime to the reheating phase is regulated by the emergence of a set of so-called "slow-roll parameters" [29] . They vanish when the inflaton dwells on the potential plateau, while they become O(1) at the end of inflation. Their formulation comes in terms of derivatives of the potential, instead of mean curvature of the background, as our point of view suggests. We then have to include the interactions of the propagating degrees of freedom among each other and themselves, in such a way to check whether the analogy is correct or not.
On a different note, it is suggestive to think about applying this algorithm to other f (R)-theories. They can be regarded as a rich benchmark to test the present approach. This environment has also generated a vast literature overtime, which can provide a useful feedback to check the results.
Finally, we remark that this model only explains how the instabilities in the system drive it to an exit from inflation, and not how it is realised. One should have a very clear phenomenological insight of the model and a precise knowledge of the decay channels of the inflaton into the matter and radiation degrees of freedom. Since this task is out of reach, at least at present time, one normally inserts non-local terms in the action [30, 31] . Therefore, it looks very interesting to study the non-local behavior of h ⊥ µν and ϕ as a future outcome.
A Conventions and metric variations
We follow the conventions in [32] . The signature is (−, +, +, +), ad we express fundamental constants in Planck units, that is = ℓ p m p and G N = ℓ p /m p . The Christoffel symbol where C λ µρν is the conformal curvature tensor. As usual, the covariant derivative of a vector A µ is 4) whereas it reduces to ∇ µ S = ∂ µ S for a scalar S. The d'Alembertian operator reads = g µν ∇ µ ∇ ν and the covariant derivatives commute as
In this Section, we vary the action (2.1), by keeping its argument a generic f (R). First, we have to remember that 6) since δg µν = −g µα g νβ δg αβ . Then, denoting f ′ (R) = δf (R)/δR, we perform the variation
The variation of a Christoffel symbol, δΓ λ µν , is a tensor, unlike the symbol itself. This allows to come to the Palatini identity
whose trace is part of the variation of the related scalar, v iz.
We finally have for f (R) = R + αR 2 .
